The characterization and construction of bent functions are challenging problems. The paper generalizes the constructions of
II. PRELIMINARIES
Throughout this paper, let p be an odd prime, q = p n , and F q denote the finite field with q elements. The trace function from F q to a subfield F p k is defined by Tr A p-ary function is a map from F q to F p . The finite field F q can be seen as a n-dimensional vector space F n p over F p . Fix a basis of the vector space, then x ∈ F q has the unique representation (X 1 , X 2 , · · · , X n ), where X i ∈ F p . And the function f can be represented as a polynomial with the form
where P(N ) denotes the power set of N = {1, · · · , n} and a I ∈ F p . This representation is called the algebraic normal form (ANF) of f . And the degree of such a multivariate polynomial is called the algebraic degree of f . A p-ary function f (x) on F q can be seen as a polynomial F (X 1 , X 2 , · · · , X n ) ∈ F p [X 1 , X 2 , · · · , X n ]. Such F (X 1 , X 2 , · · · , X n ) is called a reduce polynomial.
Definition Let f (x) be a p-ary function defined on F p n . Then f (x) is called an idempotent if
Definition A p-ary function or a multivariate polynomial f (X 1 , X 2 , · · · , X n ) is a rotation symmetric polynomial if it is invariant under cyclic shift:
The Walsh transform of f is defined by
where β ∈ F q and ζ p = e 2π √ −1/p is the primitive p-th root of unity. If we regard F q as F p n/2 × F p n/2 for even n, the Walsh transform of f is
If we regard F q as a n-dimensional vector space over F p , the Walsh transform of f is
where β, x is the usual dot product on
for any β ∈ F q . A bent function f (x) is weakly regular if there exists a complex u with unit magnitude satisfying that W f (β) = up
From [20] , [22] , a weakly regular bent function f (x) satisfies that
where ε = ±1 is called the sign of the Walsh Transform of f (x) and p * = −1 p p. The dual of a weakly regular bent function is also weakly regular bent. Some results on weakly regular bent functions can be found in [15] , [19] , [20] , [21] , [22] , [23] .
III. INFINITE FAMILIES OF p-ARY WEAKLY REGULAR BENT FUNCTIONS
Let g(x) be a p-ary bent function, τ is a positive integer, X 1 , X 2 , · · · , X τ be τ variables, and
We will study p-ary bent functions of the form
where u i ∈ F q . As a function from F τ p to the complex field C, ζ
has the unique Fourier expansion, i.e., there exists a unique set of c w ∈ C such that ζ
where
Multiplying both sides of Equation (3) by ζ
For further discussion, let g(x) be a weakly regular bent function in the rest of the paper, i.e.,
where g is the dual of g, ε ∈ {1, −1}, and
For a general weakly regular bent function, it is difficult to compute W f (β). For some particular g(x), we can calculate
is a quadratic function of the form
Then, we have the following lemma.
Lemma 3.1: Let g(x) be a weakly regular bent function,
, and the dual g be
Then the p-ary function f (x) defined in Equation (1) is weakly regular bent. Further, the Walsh transform of f is
Hence, this lemma follows. From Lemma 3.1 and some known weakly regular bent functions, we construct three new infinite families of p-ary weakly regular bent functions.
A. New infinite family of p-ary weakly regular bent functions from square functions
Let the square function g(x) = Tr n 1 (λx 2 ) be weakly regular bent, where λ ∈ F × q . From [20] , the Walsh transform of
where β ∈ F q and η is the multiplicative quadratic character of F q . The dual of g is g(x) = −Tr , and the dual g be
where a k , b ∈ F q and c ∈ F p . Let N on g be a maximal self-orthogonal subspace, τ = dim(N ), u 1 , · · · , u τ be a basis of N over F p , and
Then the p-ary function f (x) defined in Equation (1) is a weakly regular bent function of algebraic degree d. Proof: From the definition of maximal self-orthogonal subspaces and Lemma 3.1, this lemma follows. Theorem 3.3: Let τ be a positive integer, u 1 , · · · , u τ ∈ F × q , and
is a weakly regular bent function.
Proof: In Lemma 3.2, take g(x) = Tr n 1 (λx 2 ). Then this theorem follows. 
is a weakly regular bent function. In particular, when λ ∈ F × p and F (X 1 , X 2 , · · · , X m ) is a rotation symmetric polynomial, f (x) is a p-ary bent idempotent.
Proof: From Corollary 3.4, f (x) is weakly regular bent. When λ ∈ F × p and F (X 1 , X 2 , · · · , X m ) is a rotation symmetric polynomial, we have
Hence, f (x) is a p-ary bent idempotent. Proof: From Theorem 3.3, this corollary follows.
B. New infinite family of p-ary weakly regular bent functions from Kasami functions
Let n = 2k and g(x) = Tr n 1 (ax p k +1 ) be the p-ary Kasami function. Liu and Komo [27] proved that g(x) is bent. Helleseth et al. [20] showed that the Walsh transform of g(x) is
And the dual of g is g(x) = −Tr
Proof: The trace function Tr n k from F p n to F p k is surjective. There exists A ∈ F p n such that Tr
The dual g of g is g(x) = −Tr
From Lemma 3.1, this theorem follows.
Corollary 3.8:
Proof: Take a ∈ F p n such that Tr
and
From Theorem 3.7, this corollary follows. Corollary 3.9: Let n = 2k, τ be a positive integer, λ ∈ F × p k , u ∈ F × q , and F (X) be a reduced polynomial in F p [X], where Tr
Proof: From Theorem 3.7, take a ∈ F q such that Tr n k (a) = λ. Then this corollary follows.
Corollary 3.10:
is a weakly regular bent function. Further, when λ ∈ F × p and F (X 1 , X 2 , · · · , X m ) is rotation symmetric, then f (x) is a bent idempotent.
Proof: Note that Tr
is a p-ary bent idempotent.
C. New infinite family of p-ary weakly regular bent functions from the Maiorana-McFarland class
In this subsection, we identify F p n (n = 2k) as F p k × F p k and consider p-ary functions with bivariate representation f (x, y) = Tr k 1 (P (x, y)), where P (x, y) is a polynomial in two-variable over
The well-known Maiorana-McFarland class of p-ary bent functions can be defined as follows:
where π : F p k → F p k is a permutation and h is any p-ary function over F p k . From [5] , the dual g is g(x, y) = Tr
where π −1 denotes the inverse mapping of π. By choosing suitable permutation π, we will construct a new infinite family of p-ary weakly regular bent functions. Theorem 3.11: Let n = 2k, π be a linearized permutation polynomial over F p k , and u 1 = (u
is weakly regular bent.
Proof: Take h(y) = Tr Hence, f (x, y) is a p-ary weakly regular bent function.
IV. CONCLUSION
In this paper, we generalize the work of Mesnager [33] and Xu et al. [40] , [41] to p-ary weakly regular bent functions. From known weakly regualr bent functions (square functions, Kasami functions, and the Maiorana-McFarland class of bent functions), we construct three new infinite families of p-ary weakly regular bent functions, which contain some infinite families of p-ary bent idempotents. 
